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Abstract 

We analyze brane dualities in the non-relativistic limit of the worldvolume actions. In 
particular we have analyzed how the non-relativistic M2-brane is related via these dualities to 
non-relativistic D2-brane, non-relativistic IIA fundamental string and also, by using T-duality, 
to non-relativistic D 1-string. These actions coincide with ones obtained from relativistic actions 
by taking non-relativistic limit, showing that the non-relativistic limit and the dualities commute 
in these cases. 
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1 Introduction 

Non-relativistic limit of string theories appear to be solvable sectors [1, 2]. It can provide 
us a deeper understanding of string theories and can be helpful to answer some of open 
questions as for example AdS/CFT correspondence. In [3, 4, 5, 6] the non-relativistic 
limits of strings and branes have been analyzed using the worldvolume actions. They 
have the Galilean supersymmetries and the non-relativistic spectra. A notable property 
is that the kappa symmetry can be maintained in the non-relativistic limit. By fixing the 
kappa gauge choice suitably these systems become free in the static gauge . 

In this paper we examine some of dualities between branes and strings in the non- 
relativistic limit using their worldvolume actions. It is interesting to see how these du¬ 
alities remain in the non-relativistic limit [1]. Here we study the dualities at the world- 
volume actions by considering the non-relativistic M2-brane as a starting point to obtain 
non-relativistic type IIA superstring and non-relativistic D2-brane, using analogous pro¬ 
cedures to the relativistic case [7, 8]. We also examine the T-duality between D2 and 
D1 branes [9, 10] and find that the T-duality transformations are compatible with the 
non-relativistic limit. In the cases we examine in this paper we see the dualities remain 
in the non-relativistic sector of the string theories, (Figure 1). 

The paper is organized as follows. In section 2, we obtain the non-relativistic p-brane 
worldvolume action of Polyakov type. In section 3 we consider a reduction from non- 
relativistic M2-brane to non-relativistic D2-brane by dualizing the 11-th coordinate in the 
same way as in the relativistic case. In section 4 we discuss the double dimensional reduc¬ 
tion of the non-relativistic M2 brane to obtain the non-relativistic type IIA superstring. 
In section 5 we analyze the T-duality transformation of the non-relativistic D2-brane to 
non-relativistic D 1-string. Summary is in the last section and appendices are attached 
for notations and some detail. 
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Figure 1: This diagram shows the different ways in which the non-relativistic type IIA 
string, non-relativistic D2-brane and non-relativistic Dl-string are obtained. Due to the 
commutativity of the non-relativistic limit and the dualities, we can arrive at the same 
actions by taking in different paths. 

2 NR limit of p-branes 

The non-relativistic limit of the p-branes have been discussed using their worldvolume 
actions for the bosonic branes[3] and the supersymmetric ones[4], It is established how to 
obtain worldvolume actions of non-relativistic branes from the relativistic ones of Nambu- 
Goto form. Here we make a short summary but starting from Polyakov form action and 
we find the non-relativistic p-brane action of Polyakov form. 

We start by considering the supersymmetric p-brane action in a flat D dimensional 
background, 

S p = T p j d p+1 f C, C = C p + C wz + C B , (2.1) 

where T p is the p-brane tension. The kinetic Lagrangian has the Polyakov form using the 
worldvolume metric 7 jj, (/ = 0 , 1 , ...,p), 

C. p = -hjp - (p - 1 )) . ( 2 . 2 ) 

The WZ Lagrangian is the pullback of p + 1 form b determined from a closed and super- 
invariant p + 2 form h. For minimal spinor 6 in the D dimensions, 

c wz = b\ h = db = ~ dew de, ( 2 . 3 ) 

pi 

where the super invariant one forms n jU , (M = 0,..., D — 1), and the induced metric Gjj 
are 

H M = dX M + i6T M d9 = df T Il r M , G tj = U t m U j N timn. (2.4) 


3 









To show its closure we need the gamma matrix identity (A.3) valid in the D dimensions 
where p-branes exist[11] (See Appendix A for detailed notations). For the M2-brane we 
will discuss in this paper the explicit form of b is 

b = ~(ier ML dO)(n M n L -(idr M dO)ii L + ^(idr M dO)(i9r L dO)y (2.5) 

C B is the £>-£cld Lagrangian and is the pullback of a closed ZAfield. It is introduced 
without modifying the supergravity equations of motion. 

In ref. [4] we have shown the non-relativistic p-brane worldvolume Lagrangian is ob¬ 
tained from the relativistic one by rescaling of the supercoordinates and the tension as 

= lux 11 , X A = x A , 0 = V^0- + 4=0+, T p = co 1 ~ p f p . (2.6) 

yW 

and then taking to —» oo. In the non-relativistic limit, the longitudinal coordinates 
X (/i = 0,1, ...,p) of the string are rescaled while the transverse ones A , (A — p + 
— 1 ) are left untouched, which implies that the transverse fluctuations are small. 
The scaling behavior of the fermionic coordinates in (2.6) is characterized by their trans¬ 
formation properties under the matrix T*, which splits the fermionic coordinates into two 
eigenspaces 9± of T* with eigenvalues ± 1 , 

e ± =w ± e 1 p± = ^(1 ±r*), r* = r 0 ...r p . (2.7) 

In the Polyakov form we should also rescale the worldvolume metric 7 u as 

7 ij = u 2 1 ij • (2-8) 

In the to —> 00 limit the Lagrangian has divergent terms of order to 2 . They can be 
cancelled by adjusting the divergent contribution of the Lbfield Lagrangian C B in (2.1) 
in the non-relativistic limit, 

C B = T p det(d r X IJ ) = to% det(<9 = to 2 T p C B V . (2.9) 

Its contribution to the energy is precisely compensated with the contribution coming from 
the tension of the brane. Linder these choices the action in the to —> 00 is finite and shown 
to have a non-relativistic supersymmetry and kappa invariance. 

Making these rescalings in the Lagrangian (2.1) we get 

S" = t p j #+'£ P 2 (£7 + C'l z + C B ) + XL + 47)) . (2.10) 

where 

Y~ ( 7 ,J 9u - (p - 1)) . (2.11) 

t’GTj (2.12) 


r 1 = 


r p - 

-'-fin ~ 
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and 1 


gu = er ll e J , 'rj IJU , e fl = dx fl + i0_r lx d9-, 

Gfj = u I A u J B 5 AB + 2ie + F^e {I lx dj ) e + , u A = dx A + (i9-F A d6 + + W + F A d9_). 

(2.13) 

Here and hereafter inverse power terms of ui, which do not contribute in the uj —» oo limit 
eventually, are omitted. The sum of divergent terms of the WZ and B field Lagrangians 
is shown to be 

CZ Z + C B = det(e/‘) = y/—g. (2.14) 

By adding C B iv the c o 2 terms of the total Lagrangian is 

u 2 £ div = u 2 (j IJ g u - (p- 1 )) + . (2.15) 

It is straightforward to show that it has an expansion of (yyj — gjj) starting from their 
bi-linear terms, 

u 2 C di v = —— A IJ,KL {^ IJ — gu){jKL ~ 9kl ), (2-16) 

where 2 

A LhK \ u = gu = IK g JL + g IL g JK - g ,J g KL ). (2.17) 

We can now rewrite this superficially divergent term in a way that the u —> oo limit can 
be taken smoothly. The idea is to introduce Lagrange multipliers to rewrite the action. 
For the case p ^ 1 it is 

u 2 C div = \ IJ ( 7 ij - gu) + Aj} KL X IJ X KL , (2.18) 

where 

A/],rsA HS,kl - VC/'. = f p —=(g 1K g JL + g iL gj K - ^ j g ij9kl )- 

(2.19) 

(2.18) reproduces (2.16) by integrating out the X IJ variables. We can take the strict 
non-relativistic limit uj —> 00 in (2.18) and be left with a finite contribution: 

£* = A 7J (y u-gij). (2.20) 

For the p — 1 case A IJ,KL is singular and a device is required. Following to [5] we 
write 

uJ 2 C d iv = -uj 2 y FF, (2.21) 

1 The symmetrization conventions here are A^Bj) = t (AiBj + AjBi), AuBn = i (AiBj — AjB g ). 

2 We only need to consider A and A^ 1 in the vicinity of 7 ij = gu- Corrections are proportional to 
(7 ~~ <?) 2 and turn to vanish in the lo —> 00 limit. 
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where fi — 0,1 and 

F = e/ - lEleM-n&ef - ^-e/ ( 2 . 22 ) 

7n 7 ii 

and rewrite the superficially divergent term as 

C div = Aa/ a +- - l , _ — XnXo'F 0 , (2-23) 

^ 2w 2 T pV /=77 00 m V 7 

which reproduces (2.21) by integrating out the A^ variables. It becomes in the non- 
relativistic limit u —> oo 

r = Xpf. (2.24) 

Now that we have properly defined the superficial divergence, we can finally write the 
complete finite action for non-relativistic p-branes as 



(2.25) 

In contrast to the relativistic case, the non-relativistic Polyakov Lagrangian (2.25) con¬ 
tains extra multiplier variables A’s. As was discussed in [ 1 ] for the string case, they are 
indispensable to realize the non-relativistic symmetry and the spectrum upon quantiza¬ 
tion. 

The Nambu-Goto form of the non-relativistic p-brane action can be obtained by 
eliminating the worldvolume metric Xi-J using the equations of motion with respect to 
X IJ , (p 7 ^ 1) or Xp , (p = 1 ) cases, 

lu = 9ij, (p 7 ^ 1 ), and 7 /j oc g TJ , (p = 1 ). (2.26) 

The action (2.25) becomes 



The finite part of the WZ Lagrangian £g n z is the pullback of the u; p_1 -th order term b nr 
of p T 1 form b in the non-relativistic expansion. It is obtained by integrating u; p_1 -th 
order term of h in (2.3). The explicit form of b nr for the non-relativistic M2-brane (p = 2) 
is given as [4], 

C = [e»e" - + F K F K ^ K +Y ~\ K - 

+ L^ b \2e»u B - e»L B - lFu B + -IFL b 

3 

+ K AR u a u b - L a u b + l -L A L B j, (2.28) 

where 

K% = ie ± T^dQ ± , Ki = i6 ± T^de ± , K AB = iO.Y AB d0-, 

l ijA = io + r li r A d9- + ie_r li r A d9 + , l a = ie + v A de_ + ie_r A de + . ( 2 . 29 ) 
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3 Non-relativistic M2 to Non-relativistic D2 brane 


In [8] the D2-brane action is obtained by dualizing 11-th coordinate A" 11 of the M2- 
brane to the BI U(l) potential. In this section we show that the non-relativistic D2-brane 
action is obtained from non-relativistic M2-brane by dualizing 11-th coordinate of the non- 
relativistic M2-brane in the same manner as in the relativistic case. As the non-relativistic 
D2-brane action is obtained by taking the non-relativistic limit of the relativistic one [6], 
the non-relativistic limit and the dualization are commutative. 

We first summarize briefly the result of [8]. In order to obtain D2-brane from M2-brane, 
the U(l) gauge held degrees of freedom must be introduced. There is an extra coordinate 
A" 11 in the M2 brane which appears in the action in a form p = dX u . By introducing one 
form Lagrange multiplier A and adding a term T 2 pdA on the Lagrangian the dX n can be 
replaced by ip. The one form p can be regarded as an independent variable. The variation 
of the Lagrangian with respect to the A gives an equation of motion dp = 0 whose solution 
is p = d\- The M2-brane system is reproduced by identifying the y with A" 11 . On the 
other hand if we eliminate the p by its equation of motion we get a Lagrangian depending 
on the A. Since the A enters in the Lagrangian only through F = dA the A becomes a 
U(l) gauge held. The resulting Lagrangian is shown to describe the D2-brane system. 

More explicitly we start with the M2-brane action of Polyakov form (2.1). Replacing 
d r X n by pj, 

S M2 = -T 2 I d 3 ^^ {p rj Uyuyr lrnn + 7 /J (pj + ieTndjd) (pj + iOT n djQ) - l} 
+T 2 J {-C^ - 6 (2 V + V dA) , (3.1) 

where the last term is the Lagrangian multiplier term and m — 0,... ,9. The WZ three 
form b of the M2-brane (2.5) is split into a term C ® independent of cLA 11 and a term 
linear in dA" 11 as 

b = -(7 {3) - b {2) dX l \ (3.2) 

where 

c (3) = i( iOT mn dd) (^n m n n - (ier m dd)n n + ^(ier m d6)(ier n dd)j 
+ hier m r n d9){u m - \idT m dO){idT n dO) r 

Zj o 

6 (2) = (idT m T n dd)(Il m -UdY m d6). 

By integrating out the pi , the action becomes that of the D2-brane, 

s m = -t 2 J d 3 i^ { 7 /J nrn n jVmn -1 + \l IK l jl FijFkl} 

+T 2 j {-O® - pW f} , (3.5) 

where 

T = dA-b‘ :I \ and C (1 > = iSr n d9. (3.6) 


(3.3) 

(3.4) 
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T is the superinvariant U(l) field strength modified by the NS two form C ® and 

C'd) are the RR potential forms in the flat supergravity background. The second line of 
(3.5) is giving the WZ Lagrangian of the D2-brane satisfying 

✓ p prraprn \ 

d (c (3) + C {1) F) = i$y mn 2{ +T n F)d6, (3.7) 

which is the condition required for the Dp-brane actions [12, 13, 14, 15]. 

(3.5) is the D2-brane action of the Polyakov type. It has been shown[ 8 ] perturbatively 
in T that it gives the Dirac-Born-Infcld action by an integration of the worldvolume 
metric 7 jj, 

S BI = -T 2 1 d?^~ det (Gff + Fu) -T 2 J (C® + , (3.8) 

where GfJ is the induced metric of D2-brane 

= npi n jVmn . (3.9) 

In the Appendix B we show it to all order of T. 


The non-relativistic D2-brane worldvolume action is obtained from that of the non- 
relativistic M2-brane. We begin with the non-relativistic action of M2-brane (2.27). In 
contrast to the relativistic case we can use the NG form in which the worldvolume metric 
has been eliminated, 


ST = -T 2 J d 3 Z^ {giJufufnAB + 2i9 + r*e ti I d I e + } +T 2 J b™ 2 . (3.10) 

In the WZ Lagrangian the b^f r 2 is given in (2.28) as 

bnr 2 = - bffidx 11 , (3.11) 

where C (3 J is the RR three form potential and b\ 2 } is the NS two form in the non-relativistic 
limit 



( 

r 1 1 


r 1 1 

[G 

e^e 1 ' - K ,l e v + -K ,l K lJ 
[ ~ 3 " "J 

+ *7*+ 

e" - -K v 
3 “ 


1 

2' 

+ pi 6 

+ -b/Ul 


2eV - e»L b - lG L u b + -lG l L b 

3 “ . 

1 T l 

-L 


3 


L 11 + K, 


611 


U 


+ K b 

L 11 !, 


u a u b - L a u b + -L a L b 
3 


+ K- U (u‘ - 1 L“), 


(3.12) 


where the fermionic bi-linears K 's and L’s are given in (2.29). We separate terms de¬ 
pending on dx 11 and replace dx 11 with ip by adding a Lagrange multiplier term ipdA in 
the action 


gM 2 


-% I d^GA {/-VV>U + 9 ,J (t + cW),(v + c£>)j + 2 i« + r%'a,# + } 

+7 j (-Cf - ev + V dA ) , (3.13) 
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where a, b = 3,9. is RR one form potential equal to L 11 in (2.29), 

cfi.) = l 11 = id + r n de_ + id_r n do + (3.14) 

and (^ + CW)j is the J-th component of the one form (<p + C^) . By integrating out the 
tpi we arrive at the non-relativistic D2-brane action, 

S„r = -t / {9 "G“h + 

+% I {-c£> - cm T nr } , (3.15) 

where 

G nr,u = ui a uj b r) ab + 2id + T fl e {I ^dj ) 0 + . (3.16) 

T nr is the superinvariant U(l) held strength modihed by the NS two form b G ) r , 

T nr = d~A-b\ £>. (3.17) 


The non-relativistic D2-brane action (3.15) obtained by dualizing x 11 of the non- 
relativistic M2-brane coincides with the one obtained by taking the non-relativistic limit 
of the D2-brane action. The non-relativistic Dp-branes have been derived [6] by taking 
the non-relativistic limit of the DBI actions for general p. Here we illustrate it for the D2- 
brane case but starting from the Polyakov form action (3.5). To take the non-relativistic 
limit of the D2-brane action (3.5) we make the rescaling as in the M2-brane case, (2.6) 
and (2.8) 

X fM = ux fi , X a = x a , 6 = + ~^e + , (3.18) 

y/U 

lu = ^ 2 7 iJi T 2 = — T 2 , (3.19) 

u) 

where 6± is defined using the projectors for D2-brane, 

Ft = i(l±T*), T* = ToTiTs. (3.20) 

In addition to it we need the rescaling of the U(l) gauge held, 

Aj = cvAj. (3.21) 


These rescalings in (3.5) lead us to 


qD 2 



(3.22) 


where 

r p _ A rP r~~. z,IJriD2 , ^-~IK~JL-t nr \ 

^div ~- 2 l 7 9lJ ~ l ) ’ ^fin ~ ~ V _7 ^ 2 7 (jn P TJ + 4 7 7 Fnr-jjXnr-.KLJ , 

(3.23) 
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where G^j.j and T nr pj ere given in (3.16) and (3.17). The divergent terms have the 
same form as M2-brane case, except the dimensions of the target space is 10 in the D2- 
brane. Here we make an alternative analysis to obtain the NG form of action. In the 
above Lagrangian (3.22) we regard u sufficiently large but finite and inverse power terms 
of u, which will not contribute, are omitted. Now, we remove the dependence on the 
worldvolume metric 7 u from the Lagrangian (3.22) by solving the equation of motion of 
7 ij as 

7 u — 9iJ H- 2^ IJ ' (3.24) 

u 

where Tjj is the worldvolume energy-momentum tensor defined from . The oo~ 2 term 
in 7 u could give hnite contributions when the 7 u in (3.24) is introduced back into the 
action (3.22). However, it can be shown that these terms cancel and do not contribute 
after all 3 . For further calculations we can take only the leading term of (3.24) ; 7 u = gjj. 
Using it in the divergent term it becomes 

d 3 ££jiv = ~d 3 t,\/-g = ^,^p e>1 e u e p . (3.25) 

Combining it with the divergent term of the WZ Lagrangian £|jA of (3.5) 

d 3 «£div = - i {k~ [cV - I<V + 1 } 

= 7 y £ tJ,i'p dx p dx u dx p . (3.26) 

It is an exact form and is canceled by adding the B held Lagrangian same form as (2.9). 
Now, we can take the limit u —» oo and obtain the non-relativistic action for D2-brane, 



(3.27) 


It has the same form as (3.15) obtained by dualizing a ; 11 of the non-relativistic M2-brane. 


4 Non-relativistic M2-brane to Non-relativistic IIA 
superstring 

The reduction of the M2-brane to the IIA superstring has been discussed [7]. We first 
make a short review of the relativistic case. We assume the M2-brane extends in X°, X 1 
and X n directions and are the longitudinal coordinates. In doing the reduction of the 
M2-brane to the IIA superstring we assume the X 11 is a compact coordinate parametrized 
by p 

X n {T,a,p) = p (4.1) 

3 It also shows that the sub-leading terms in (2.8) and (3.19), if any, do not contribute to the finite 
Lagrangians. See Appendix C. 
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and other supercoordinates are independent of it, (m = 0,1,9) 


X m (r, a, p) = X m (r, a), 6(t, a, p) = 0(r, a] 

). (4.2) 

Using this (j = 0,1) 

nj 1 = ie\ T n dj6, n" = d 2 x n = i 

(4.3) 

and the 3x3 induced metric of the M2-brane becomes 


G,J = { ' n,“ i j 

(4.4) 

It follows 

G = det(Gjj) = det(G^) = G IIA , 
where Gff" is 2 x 2 induced metric of the IIA string 

(4.5) 

(7 iia = n m n n n 

^ ij ±L i LL j 'Imn • 

(4.6) 

Using them the WZ term of the M2-brane (2.5) becomes the IIA Green-Schwarz super¬ 
string action[16] 

d £ 3 £M 2 ’Wz _ dp 2 £ ij(i 0 r m r u did) (irj 1 - ^ {wr m d j e)^ 

= d£ 3 £ IIA;WZ . (4.7) 

Then the M2-brane action becomes, using (4.5) and (4.7), the IIA superstring action 

„S' nA = I dTda(-\J-G llA + £ iia ; wz ) 

(4.8) 

with the string tension 

T llA = (J dp) T M2 . 

(4.9) 

The non-relativistic IIA superstring action has been obtained from the Green-Schwartz 
action in [4], Here we show it is obtained by the double dimensional reduction of the non- 
relativistic M2-brane. The reduction is similar to the relativistic case given above but 
an attention should be paid for the spinor sector. The 11D fermion 9 is split into the 
Majorana-Weyl spinors 9 ± of chiralities ±1 using Ik= |(1 ±Tu). In the non-relativistic 
limit each Majorana-Weyl spinors are further separated using the projection operators 
1P± in 10D. Since the longitudinal coordinates of the M2-brane are a; 0 , a; 1 and x 11 the 
projection operators 1P± in (2.7) of the non-relativistic M2-brane is 

ff± = -(l±T*), r* = ToTiTu. 

(4.10) 


A crucial property is that the T* has same form for the IIA superstring and the projection 
operators, Bn± and IP-t, are commuting. It makes the non-relativistic limit and the double 
dimensional reduction commutative. 

In doing the reduction of the non-relativistic M2-brane to the non-relativistic IIA 
superstring we follow the same procedure as the relativistic case. We assume x°,x l and 
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re 11 are the longitudinal coordinates and the x 11 is a compact coordinate parametrized by 
P 

x U {T,a,p) = p. (4.11) 

Other supercoordinates are independent on it, 


(r, <r, p) =x m (T, a), 0 ±(t, a, p) = 9 ±(t,<j). 

Under these assumptions, for (i = 0,1; p — 0,1), 

diXv + iQ-T^diO-, 0 \ 
id-r u did-, l) ’ 

ii \ 


(4.12) 


p .A 

K -'i ? 

e 2 A \ 

e 11 

5 

e 2 n J 


gu 


g IJ 


h" A + A 11 

e A 

e j 11 

1 J’ 

gliAt 

-0nA e fc U 

-g : A e k n 

1 + 9m^e k n ee 


(4.13) 


det gu — det gfp . (4.14) 

where r/(/ A is the inverse of induced metric r/^ A of the 1IA superstring . For the transverse 
components, with the index a = 2, ...9, 


uf = d iX h + ( id~T h diO + + iO + T%9_), u 2 a = 0, 


(4.15) 


r nr = ( + 2 ^+ r + 2i ®+ 1 ' ii e (i 11 d j) 9 + , iO + T u<9;6> + \ 1 

T/J v i 0 + r u ^ + , o ) • 1 J 

Using them in the Nambu-Goto term of the non-relativistic M2-brane Lagrangian (2.27) 
it becomes that of the non-relativistic I1A superstring, 

r NG _ IJ/~inr _ 

^fin — 2 ^ LJIJ ~ 

GZi = “iSAs + ™ + r ii epd j) e + . (4.17) 

In the WZ three form b 1 ^ 2 of the non-relativistic M2-brane (2.28) only terms including 
e 2 n = 1 remain and 

C = - \ K --) + \ K mK% + iii, (« s - \P) 1 (4.18) 

Using a relation T^T u 0 ± = ±£^T U 6± in (A. 11) and the IIA cyclic identity (A.5) it becomes 
the WZ Lagrangian of the non-relativistic IIA superstring given in [4] up to an exact form. 
Then the non-relativistic M2-brane action is reduced to that of the non-relativistic IIA 
superstring 

S UA = T™ J dTdv g& UjWSti - 2 ie(e + r%%e + ) 

- 2 i e ik (5+r a r n a,u ) („,/• - i 5 + r a t o )}, ( 4 . 19 ) 

where e and ep are the determinant and inverse of eA respectively and 

f IIA = (j dp) T M2 . (4.20) 


-g 


IIA 


g l AG. 


-IIA 

nr-,ij 1 
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5 T-duality of non-relativistic D2 and D1 branes 

It is known Dp-branes are T-dual of D(p + l)-branes [9, 10]. The T-duality covariance of 
the worldvolume actions of D-branes is studied in detail[17, 18]. The T-dualities of the 
non-relativistic branes have been discussed in [1], In this section we discuss the T-duality 
as that of the non-relativistic D-brane worldvolume actions. Although our results can 
be applied to general Dp-branes we confine our discussions to the case of the T-duality 
between D2 and D1 branes for definiteness. There is a subtlety in the non-relativistic 
limit since the D2-brane belongs to IIA sector while Dl-string does to IIB sector and 
there is a chirality flip of a Majorana-Weyl fermion. In contrast to the case of reduction 
from the M2 to the IIA superstring discussed in the last section, the chirality projectors 

and non-relativistic projectors IP± do not commute. Nevertheless we can show that 
the T-duality transformations and non-relativistic limits are commutative and the non- 
relativistic Dl-string can be obtained from non-relativistic D2-brane by the T-duality. 

D2 to D1 


In the relativistic D2-brane X°, X 1 and X 2 are the longitudinal coordinates and de¬ 
pend on = (r, cr, p). In doing reduction to D1 we assume one of the longitudinal 
coordinate, X 2 , is compact and parametrized by p 

X 2 {T,a,p) = p (5.1) 


while others X m , (rn ^ 2), Aj and 9 are functions of r and a only. The dynamical degree 
of freedom, X' 2 , of D1 coordinate is supplied from that of a U(l) gauge held component 

A 2 , 4 

X /2 = A 2 , (5.2) 

and others are 


X' m = X m , (m# 2) A'=A j7 O’ = 0,1). (5.3) 

The D2(IIA) spinors are related to those of Dl(IIB) by hipping one of chirality component 


9' = 


9' 1 
9' 2 


l + r 3 , l-Ts^ 

- 1 -1 2 


(9+ 

\9~ 


h + 9 

T 2 lr0 


(5.4) 


Both IIB spinors 9' 1 and 9' 2 are Majorana-Weyl fermions with same chirality +. Under 
this T-duality transformation the worldvolume action of the D2-brane (3.8) turns out to 
be that of the Dl-string, 

S m = —Ti detfGg 1 + - T, j C (2 >, (5.5) 

where 

eg 1 = n 7 n ';p mn , n ,m = dx’ m + i9'v m 9\ (5.6) 

X' = dA! - itv m r 3 9\dX ,m + l -9'T m 9'), C (2) = $Y m T X 9\dX ,m + ^Y m 9'). (5.7) 

4 In this section primed variables are those of D1 and unprimed ones are of D2. The variables in the 
non-relativistic limit are indicated with tildes. 
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Although the transformation breaks manifest Lorentz covariance the resulting action is 
snperPoincare invariant and kappa invariant[17, 18]. 

D1 to non-relativistic D1 


In the non-relativistic limit the Dl-string variables are rescaled as 

(^) = -X' A , (p = 0,1), (A r J ) = -A' J , (j = 0,1), (5.8) 

c o UJ J 

9', Ti — Ti, (5.9) 

where IP ' ± are the non-relativistic projectors for Dl-string, 

P± = ^(1 ±r'*), r , * = r 0 ir 1 . (5.10) 

By taking uo —> oo limit we obtain non-relativistic Dl-string action[6]. Abbreviating tilde 
and prime indices for the non-relativistic D1 variables, 

s m = fm J d Tdo{- e -- 2i e (5/VWt) - jfl' 3 9 "^“ 

-2 i e’ k (5+IVi dj8-) (V - i 0+r %»_)} . (5.11) 

Comparing to the non-relativistic IIA superstring (4.19) T n is replaced by T\ in the WZ 
term and is T nr of (3.17) in which r u is replaced by r 3 . 

D2 to non-relativistic D2 



On the other hand starting from the relativistic D2-brane action (3.8) we have ob¬ 
tained the non-relativistic D2-brane action (3.27) in the non-relativistic limit. The non- 
relativistic rescalings are (3.19) and (3.21), 

x» = -X\ {p = 0, 1 , 2), A I = -A I , (/ = 0,1,2) (5.12) 

u> u: 

and 

6= (v4JP+ + ^P_)d, T 2 = u T 2 , (5.13) 

Vcn 

where P± are the projectors for D2-brane, 

p± = -(i±r*), r* = r 0 i 2 . (5.14) 

Non-relativistic D2 to non-relativistic D1 


From the non-relativistic D2-brane to non-relativistic Dl-string we make the same T- 
duality transformation as the relativistic case. Compactify in the longitudinal direction 
x 2 and choose 


x 2 (r,a,p) = p 


(5.15) 
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while others are independent of p. The dynamical degree of freedom, ( x 2 )', of non- 
relativistic D1 string coordinate is transferred from that of a U(l) gauge field component 
A 2f 

(X 2 ) 1 = A 2 , (5.16) 

and others are 


(x m )'=x m , (m? 2), (Ajy = Aj, (j = 0,1). (5.17) 


The non-relativistic D2(IIA) spinors are related to those of non-relativistic Dl(llB) by 
flipping one of chirality component 


lijy _ f / h + (v^r + + i;IP , -)9 \ 

w ' r,ii n> \Tth-( y /zv + + j s r-.)8)' 


(5.18) 


They show that the T-duality transformations and the non-relativistic limit are com¬ 
mutative especially 

(9)' = {¥) and (; x 2 )' = {^). (5.19) 

Note the latter comes from the fact that both the longitudinal coordinates and the 
U(l) gauge field Aj are rescaled in a same power of u under the non-relativistic rescaling. 
The commutativity guarantees that the non-relativistic Dl-string action obtained by the 
T-duality transformation of the non-relativistic D2-brane coincides with that given by 
the non-relativistic limit of the Dl-string. Actually making the transformations on the 
non-relativistic D2 brane action (3.27) we can obtain non-relativistic D1 string action 
(5.11). 


6 Summary 

In this paper we have analyzed, at the world volume level, several corners of M-theory 
described by non-relativistic theories. In particular we have studied how these non- 
relativistic theories are mapped to each other by the duality symmetries of the worldvol- 
ume actions. In particular we have analyzed how the non-relativistic M2-brane is related 
via these dualities to non-relativistic D2-brane, non-relativistic IIA fundamental string 
and also by using T-duality to non-relativistic Dl-string. Their worldvolume actions co¬ 
incide with those obtained from the relativistic actions by taking the non-relativistic limit 
[4, 6]. Thus we have shown that the non-relativistic limit and the duality transformations 
are commutative as illustrated in the Figure 1. 

From a more technical point of view we have constructed non-relativistic branes start¬ 
ing from the Polyakov formulation of relativistic M2 and D2-brane. One can also show 
that the kappa symmetry is maintained in the non-relativistic limit and it is also preserved 
through the use of duality symmetries of M theory. Since non-relativistic D-branes in the 
static gauge and 6L = 0 are described by free supersymmetric gauge theories it would 
be interesting to see how these M dualities are realized on these supersymmetric gauge 
theories. 
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A Notations and some useful formulae 

Here we summarize some notations. Indices are 

10 dim 11 dim 

target space : m, n = 0,..., 9 M,N — 0,..., 10 

p — 1 p = 2 

target space, longitudinal : /t, 0 — 0,1 p, v — 0,1, 2 

target space, transverse : a, b = 2,..., 9 a, b = 3,..., 9 

worldvolume : i,j = 0,l /, J = 0,1,2 

and we use A, B = 3, ...,9,11 for transverse indices when we work in 11 dimensions. 
The metrics of target space and worldvolume have mostly + signatures. The totally 
antisymmetric Levi-Civita tensor is normalized by £ 012 ---p = +1, and £ 0 i 2 ...p = — 1. 

The gamma matrices are T m and Tu = PoPi.-Tg. They can be chosen real by taking 
the charge conjugation matrix C = To arid satisfy 

C~ l V M C = _ (r M ) T , C T = -C. (A.l) 

The conjugate 6 of the Majorana spinor is defined by 6 = 9 T C. For type IIA theories 9 
is a Majorana spinor while for type IIB theories there are two Majorana-Weyl spinors 9 a 
(a = 1,2) of the same chirality. The index a on which the Pauli matrices Ti, 72,73 act is 
not displayed explicitly. This leads to some useful symmetry relations as 

yA = Ay, A = T m e —» A = —er m , A = Tue —* A = — ePn- (A.2) 

In 11-dimensions we have the gamma matrix identity 

(cr ML )( a p(cr L ) lS ) = 0, (A.3) 

where all indices a, (3, 7 , 6 are symmetrized. Therefore 

(d9T M Ld9)(9T L d9) = -{9T ML d9)(d~9T L d9). (A.4) 

In 10-dimensions the gamma matrix identity is 

(C'r m r 11 ) Q(/3 (cr m ) 7(5 ) + (C'r m ) Q ^(cr m r 11 ) 7(5) = o, (A.5) 
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where Y n can be replaced by T; (i — 1, 3) for type IIB spinors. 

From this gamma matrix identity we can derive cyclic identities in 10-dimensions 

E [ T mOi ( ejT m o K ) + r m r u 0 j (^r-r u o K )] = o, (A.e) 

UK cyclic 

for the type IIA spinors and 

E {r m ^/ {Ojr m e K ) + r m e r (oj r m r^)} = o, (i = 1,3). (A.7) 

UK cyclic 

for type 11B spinors. 

In the non-relativistic brane theories spinors are separated by projection operators 

F± = ^(i±r*), e ± =w ± e (a.s) 

where T* is dehned for each systems as 

IIA string : T* = r 0 rir u 

IIB string : T* = ToFiTs 

di : r* = r^ri 

D2: r* = r 0 rir 2 

M 2 : r* = r 0 r 1 r 11 . (A. 9 ) 

For the D2-brane there is a relation 

(A. 10 ) 

and 

r A r u 0 ± = ±£^r 0 e ± , T flTl e ± = ±£^v°e ± (A.11) 

for the FI and Dl strings. 

The differential forms and the spinors have independent gradings. For A p,r ,B q,s of the 
form grades p, q and the Grassman parities r, s 

A P,r B q,s = yq+rs B q,s A p,r (A.12) 

Components of the forms are dehned by 

A r = ^A h .., r dfC.-dE, (A.13) 

and differentials are taken from the left. 
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B DBI action from D2-brane Polyakov action 


We have seen that the action of D2-brane in the Polyakov form is obtained by dualizing 
A " 11 of the M2-brane action, (3.5). The kinetic term is 

S Po1 = -T 2 J {l IJ G™ - 1 + l -i IK r JL FijFKi] (B.l) 

while the WZ term does not depends on the metric 7 jj. Here we give a proof that it gives 
the DBI action (3.8) 

S BI = -T 2 J d^-detiGff + Fu) (B. 2 ) 


by integrating the worldvolume metric. In order to show it we should solve the equa¬ 
tion of motion of the worldvolume metric and put it back to the action to eliminate its 
dependence. 

The equation of motion by taking variation of the action (B.l) with respect to 7 u, is 

lu = x _y_ 1 (<?{? - r,K-i KL r LJ ) . (B.3) 

where we have defined 

* = 1 U G?J, y = \i ij Tjk! KL Tli. (B.4) 


Since we are in 3 worldvolume dimensions it is convenient to introduce independent three 
vector B K by 

Tu = £iji<B k (B.5) 


so that (B.3) is 


7,J = X-y-l ( G “ + ~ . (B.6) 

and y in (B.4) is 

(b>-,»bQ b _(g7g) 

det 7 7 

Multiplying 7 /J on (B. 6 ) 

3 = ( x + > B >) • < B - 8 ) 

Multiplying B 1 B J on (B. 6 ) 

(B 7 B) = y-ry—: (bg D2 b) . (b.9) 

Solving (B.7) and (B. 8 ) for X and (BjB) as 

X = 3~y, (H 7 H) = - 7 y (B.10) 
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and using them in (B.9) 

Return them back to (B. 6 ) 

r>D 2 

fU = <-T IJ 


7 y{ 1 -y) + {BG m B) = 0 . 
1 


7 (i ~ y ) 2 


(G%B K )(G°lB L ), 


and computing 7 = (det 7 ) we get 


7 = c »_^m i = 0 . 


7 (i- yy 


(B.ll) and (B.13) are solved as 

_ (BG D2 B) 


7 = 


(G- 


D2\2 


G D2 ’ ' (BG D2 B) + G m 

and we determine 7 u in terms of GfJ and B 1 as 

, C D2 (gfgLMIgb 

(BG m B) + G m ' 

Finally we use it in the Lagrangian density of (B.l). By squaring it becomes 

£ 2 = _ l(x - 1 - y) = - (G m + ( BG m B )) = - det(Gf J 2 + Tjj). 

and the DB1 action (B.2) follows from it. 


(B.ll) 

(B.12) 

(B.13) 

(B-14) 

(B.15) 

(B.16) 


C LO ~ 2 order term of 7 u does not contribute 


As we have seen in section 3 divergent term of C p (3.23) is 


r p 

div 



(C.l) 


and on the other hand the 7 ^ from the Lagrange equation of (3.22) is 

7 u = gu + ^T ij + 0(u;- 4 ) (C.2) 

A priori, we can expect that the ca -2 order term of this expansion will give hnite contri¬ 
bution in the divergent However it is easy to show that this is not what happens. 

Introducing the expansion of 7 jj in 


r p 

div 




1 H- -9 TJ T,j 


UV 


(l + J—gUTu 

2 V 2u 2y 

+ o (w 4 ) 


1 ) 


(C.3) 


where T 1J = g IK TxLg LJ ■ It shows that u 2 order term of 7 u in (C.2) does not give hnite 
contribution in the divergent Lagrangian uj 2 C ^ v - 
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